Introduction
An important and basic problem in Riemannian geometry posed by Eells and Sampson in [E-S] is that: when does a homotopy class of maps between compact Riemannian manifolds admit a harmonic representative 11t is especially interesting for us to pay our attention to the case of Euclidean spheres ([E-L 1~] , [E-L 2] ). By constructing the harmonic join of suitable eigenmaps, Smith ([Sm] ) showed that every element of the homotopy group Tr m (S m ) admits a harmonic representative for m ^ 7.
In another paper ([P The main result of the present paper states that for almost alt odd integers m , the element 2 (twice the generator) in r^S" 1^ Z admits a harmonic representative. More precisely, we obtain the following Theorem 1. j Let p ^ . 1 , then the element 2 in the homotopy group 3tir, P +j (S 16p+ O admits a harmonic representative, provided the integer j satisfies one of the following conditions : (i) j = 7, 9, U, 13, or 15; (ii) j-1» 3, or 5, and p = l mod 16, p>l .
We prove this theorem by constructing a series of orthogonal multiplications in section 3. The Ilopf constructions on these orthogonal multiplications are homotopic to harmonic maps S rn -*-S m , and we can show the Brouwer degrees of these Hopf constructions (quadratic forms) S m -*-S m are ±2. As a byproduct, it leads to a partial resolution (theorem 3. 7) of a problem of In section 2 t we establish the following statements on homotopy classes of quadratic forms between spheres. Theorem 1.2 Let f. S n+k -S"(n>l) be a quadratic form , [f] 6 n n+k S n be its homotopy class, then (0 for k = 0, the Brouwer degree degf=O or ±2, and degf=±2 if and only if n is odd and f is ontot (ii) for k>l, [f] = 0 in jt n+k S n if n is odd; (h'i) for k = l and n^4 is even, [f] in Jt n -K S n ™Z 2 is nontrivial if and only if n=2 mod 4 and f is onto? (iv) for k=2, [f] in Jt n+z S n^Z 2 is trivial.
In section 4, we investigate the homotopy classes of the totally geodesic embeddings associated with the orthogonal multiplications we constructed in section 3. The tools we used are the generalized J homomorphism and an exact homotopy sequence.
Quadratic forms between spheres
Let Viand V 2 be Euclidean spaces with spheres S(Vi) and S(V Z ) respectively. A mapping f : S(Vi) -*-S(V Z ) is called a quadratic form if its radial extension F; V ( -» V 2 given by 0 , v = 0 is a quadratic form between Euclidean spaces. This means (i) F(av)=a 3 F(v) for a 6 R and v 6 V I(
(ii) The associated map given by
Yiu ( [Yi] ) showed the following fundamental result.
Lemma 2. 1 Let f: S n+k^* S n be a quadratic form, then for any point q € -9". the inverse image f~'(q) is a great sphere, i-e. f~I(q)=W,n S r+k , where W q is a linear subspace of R n+k+1 .
The next lemma will be useful in the proof of theorem 1. 2. Lemma 2. 2 Let n^3 be even, f : S 1 -*" SO(n) be "Lt -qquivariant from circle to rotation group, and [f] G ^\ SO (n)^Z 2 be its homotopy class ; then [f] is trivial if and only if n=0 mod 4.
Proof. Since n is even , if A = (a^) £r SO (n) , then -A = (-ay) £ SO (n). In SO(n), by identifying A with -A, we obtain a quotient space the projective orthogonal group PSO(n), and n 2 j SO(n) -*• PSO(n) the canonical 2-fold covering map. For z G S 1 C C, define ni(z)=z 2 , thus TT T :
is also a 2--fold covering map.
Let f:S'-*-SO(n) be Xt~ equivariant, then we have an associated map: f: S'^-PSO(n) and the following commutative diagram (*): (ii) For n^2 mod 4. In this case we have jijPSCKrO^Zo and the Hurewicz homomorphism Hj itiPSO(n) -»* H t (PSO(n); Z) is indeed an isomorphismThe following homomorphisms induced from Kronecker indices
are also isomorphisms* as Ext (Z, Z 2 )-0. The map f *, H'CPSOCn); Z 2 ) -•H'CS 1 ; Z 2 ) induced from f: S 1 -^ PSO Cn) is an isomorphism; the reason is as follows. Denote by £, T| the real line bundles over PSO(n) and S 1 respectively, associated with the 2--fold coverings jf2 and it! respectively; the commutative diagram ( * ) yields a relation f * CO =TI , then it follows that f * CCJI (|) ) =to, (n) , where o>! (4) 6 H 1 (PSO (n)j Z 2 )^Z 2 and WI(TI) 6 H'CS 1 ; Z 2 )^Z 2 , the first Stiefel-Whitney classes, are all non-trivial. Now from the isomorphisms
and the knowledge of Kronecker index , we finally obtain that the map f» ; itiS 1 -* Ji 1 PSO(n)~Z 4 sends a generator of niS'= Z to a generator of jtiPSO (n)^Z^; and then from the commutative diagram of fundamental groups induced from the commutative diagram ( * ), we will complete the proof of our lemma.
The proof of theorem 1. 2.
(i) The first case is for k -0. If f is not onto» degf is obviously trivial. Suppose that / is onto; the Sard's theorem tells us that there exists a point q in S n , such that q is a regular value and f~L(q) is a non-empty and finite set. By lemma 2. 1* Wq is a one-dimensional subspace and f~'(q) = Wq f| S° is a two-point set, which we denote by f~!(q) = {p, -p}. Consequently, degf = Sig df p + Sig df-p = 0 or ±2. Let -id; S n~^ S n denote the antipodal map, then it is orientation-preserving if and only if n is odd. Since f is a quadratic form, then f = f • (-id) , and so df p -df-p • dC-id) p » where df p is the tangent map at p. Consequently, Sig df P = Sig df-p for n odd, and Sig df P = -Sig df_ p for n even. Hence the relation def g = Sig df p + Sig df_ p follows. In next step, let us consider the case k ^ 1. By lemma 2. 1, for every q €r S", f -1 (q) is a great sphere. When q is In image of f and is a regular value, f~l(q) has dimension n-f-k-n=k. When k ^ 1, in order to classify the homotopy classes of maps from S n+k to S n » we use the framed normal bundle theory of Pontrjagin and Thom (see [D-F-N] ).
Wood ( (ii) Let k>l. Suppose f : S n+k^ S n is onto (otherwise, [f] is trivial in S"),by Sard's theorem, there exists a regular value q in S n , so that f~'Cq) C S n+k is a k-dimensional submanifold. By lemma 2. 1, f -1 (q) is in fact a kdimensional great sphere S k d S n+ *. We may assume by an orthogonal transformation that S" is a "standard" great sphere, i. e.
this sphere can in particular be equipped "trivially" with the field of normal frames where ej are the standard basis vectors in R n+It+I . The resulting framed normal bundle (S*» to) clearly corresponds to the zero element of the group n n +k S n . The difference between the field of normal frames t f induced by the map f and TO yields a map
S* -O(n)
which is denoted by i f . If p 6 S", then -p 6 S k , the relation f = f • ( -id) follows that df p = df_ p • d(-id) p and we have
is connected for k ^ 1, hence n must be even. (iii) Let k = l and n ^ 4 be even. Suppose f ; S n+l -* S" is onto, then there exists a regular value q in image of f, so that f" 1 (q) is a circle (lemma 2. 1). We may assume by an orthogonal transformation that this circle is a " standard" circle, i.e.
this resulting framed normal bundle (S 1 , T 0 ) clearly corresponds to the zero element of the group ^n_ f _ 1 S n = Z 2 (n ^ 4). The same consideration as before yields that T,. Sis Z2~ equivariant, and its homotopy class [T { ] in ii]SO(n) ~ Z2(n ^ 3) corresponds to the homotopy class [f] in Jin+iS"^ Z:(n ^ 3). The left part of the proof will be completed by using directly lemma 2-2. Remark (.1) The theorem .1. 2 (i) for n even was showed by [Yi] - (2) It is clear that the mod 2 degree of $/ induced by cp is one, q/ is not null-homotopic, hence q> is not null -homotopic* either. The proof is complete.
Remark By the Pontrjagin-Steenrod classification theorem (cf. [SpD > we see without difficulty that the set [P n+i , S n ] of homotopy classes of maps from real projective space P n+1 to sphere S" has order of 1, 2 or 4, when n = 3, 1 mod 4 t or n is even respectively, n->2 , . For Q = q>(x) , cp^1 (Q) = {±x}, and -x is also a regular point. Since 16p + 7 is odd, by using theorem 1. 2 (i), we obtain immediately that the degree of cp is i2.
Proof of theorem
Since 7 >• 6, I6p+1 > 6, it foijows from theorem 3. 1 that the map qpof degree ±2 is homotopic to a harmonic mapFor other values of j, the proof is similar and we need only to display the outlines as follows.
For j = 9. By [La l], 9 * .16= 16, then 9 * (I6p + 1) <9 * 16p+9 * 1 ^ 16p+9. On the other hand, the Hopf-Stiefel condition implies that /1 6p + 8\ 9 # (16p-H) > i6p+9 t as is odd-\ 8 / For j -U. By [La 1], 9*3 = 11, then 9 * (16p + 3) < 9 * 16p + 9*3^ 16p + 11. On the other hand, the Hopf-Stiefel condition implies that 9 # (16p+3) > 16p + 11, as f" P ) is odd.
For j-13-By [La 1], 9 * 5 = 13, then 9 * (16p+5) < 9 * 16p + 9 * 5 ^ 16p + 13. On the other hand, the Hopf-Stiefel condition implies that 9 n (16p+5) > 16p + 13, as ( 16p+12 \ is odd .
For j = 15 and p >0. By [La 1], 7 * 9 = 15, then 7 * (16p+9) < 7 * 16p + 7 * 9 ^ 16p + .15, On the other hand, the Hopf-Stiefel condition implies that 7 # (16p+9) > 16p + 15, as P I is odd. For almost all integers m, we give an affirmative answer to their problem.
Theorem 3. 7 Let m = 16p+j with j satisfying one of the following conditions j (1) 7<j<15, or j = 0 , and p>l; (2) For m odd, m = 16p+j, and j satisfies the condition of the theorem. In the proof of theorem 1. 1, we constructed a series of orthogonal multiplications, and obtained quadratic forms cp : S has mod 2 degree one, and qp is homotopic to a harmonic map. Therefore it is sufficient to construct a scries of orthogonal multiplications.
For j = 8 f m=i6p+j, p>l-8* (L6p + 1)<8* 16p + 8* l<16p+8, and the Hopf-Stiefei condition implies that 8# (16p + l)>16p+8. So 8 * (16p + 
